The application of wireless communication to platooning brings such challenges as information delay and varieties of interaction topologies. To compensate for the information delay, a state predictor based control strategy is proposed, which transmits the future information of nodes instead of current values. Based on the closed loop dynamics of platoon with state predictor and feedback controller, a decoupling strategy is presented to analysis and design the platoon control system with lower order by adopting the eigenvalue decomposition of topological matrix. A numerical method based on LMI (Linear Matrix Inequality) is provided to find the required robust performance controller. Moreover, the influence of information delay on performance is studied theoretically and it is found that the tolerable maximum delay is determined by the maximum topological eigenvalue. The effectiveness of the proposed strategy is validated by several comparative simulations under various conditions with other methods.
To achieve better performances, many advanced control approaches have been applied, such as linear state feedback control [17] , optimal control [18] , sliding mode control [19] and model predictive control, which require the information topology to be known in advance and unchanged [20] . When V2V is adopted, the topology becomes uncertain because of the environmental degradation of communication, which combined with information delay poses great challenges on platoon control system design. One way is to consider the behavior of platoon as a multi-agent system and the varieties of topologies is uniformly described by the graph theory. In particular, it is known that the consensus control performance is influenced by the Laplacian matrix [21, 22] . Based on this approach, Zheng et al. studied the stability of homogeneous platoon based on the Routh-Hurwitz theory [23] . Moreover to deal with the uniform delay, Peters et al. provided a general linear control method [24] and Gong et al. established a newly sampled-data control method [25] . Both of them guarantee the string stability of homogeneous platoon with PLF. Gao et al. further presented an control method for heterogeneous platoon to ensure robust stability, string stability and tracking ability simultaneously [26] . Considering heterogeneous delay, Bernardo et al. designed a distributed controller by treating it as a consensus issue [27] . This strategy maintains a stable platoon but the referenced velocity is constant and only PLF is applicable. Besides these advanced methods dealing with communication delay, some new wireless communication technologies, such as future 5G and LTE-V2X, have been studied and demonstrated to enhance communication itself [28] [29] . These new technologies reduce the delay to a negligible level but today IEEE 802.11p and its related standard are already available [30] .
The aforementioned work mostly focuses on one of the difficulties caused by V2V, that is, the topological uncertainties and heterogeneous communication delay. Consequently, the primary objective and main contribution of this paper are: 1) To deal with heterogeneous communication delay, a state predictor is designed to transmit future information of next sampling so that the negative effect of delay is compensated for. 2) Considering the topological uncertainty, eigenvalue decomposition of topological matrix and linear transformation are applied to decouple the platoon into multiple systems with lower order. 3) Based on the Lyapunov stability theory, a numerical way is presented to numerically solve a robust state feedback controller by LMI (Linear Matrix Inequality).
The reminder of paper is organized as follows: Section 2 introduces the studied problems and the closed-loop dynamics of the vehicular platoon is established in Section 3. Section 4 presents the decoupling design strategy and the theoretical analysis is conducted in Section 5. Comparative simulations are demonstrated in Section 6 and Section 7 concludes the paper.
Problem Description

Notations and Definitions
Let ℝ × be the set composed of real matrix with dimension × , denote the matrix with all entries being zero, ∈ ℝ × be the identity matrix and ∈ ℝ be the vector with all entries being 1. Notion ‖•‖ is the norm of signal and its induced norm is ‖•‖ , the superscript "T" represents the transposition of matrix, "*" denotes the symmetric part in one matrix, "⊗" represent the Kronecker product, ( ) is the singular value of , among which ( ) and ( ) are the maximum and minimum one respectively.
Problem Analysis Caused by V2V
As shown in Figure 1 (a), the studied platoon consists of + 1 heterogeneous vehicles, that is, followers (Indexed by 1, ⋯ , ) and one leader (Indexed by 0) sharing their state by V2V. Because of the degradation of V2V, two issues arise naturally: (1) Uncertainties of topology caused by change of communication range and so forth. (See Figure 1 (a)); (2) Information delay influenced by environments and distances. Figure 1 (b) gives an example of the delay between two nodes, where node is assumed to receive the state ( ℎ) of node , ℎ is the sampling period and the delay is ( ). At the ( + 1)-th sample, node calculates its control with the state ( ℎ) at -th sampling of node , which introduces a time delay in the closed loop dynamics and is bad to control performances. As indicated by red line in Figure 1 (b), if all nodes transmit their predicted state at the future, such information delay can be reduced and even eliminated completely when the sampling time is known. Motivated by this idea and considering the fact that such global clock as GPS (Global Position System) can be used to synchronize the control period of platoon [16] , a state predictor based platoon control system is proposed as shown in Figure 2 , where is the state feedback to be designed in section 4.2. With this control strategy, all nodes transmit their predicted state at next sampling and control themselves by a predefined control cycle to compensate for the information delay. The topology uncertainty will be dealt with in section 4 based on the closed loop dynamics of this predictor based platoon control system. 
Closed-Loop Dynamical Model of Platoon
Vehicle Dynamical Model
Though the original vehicle dynamics is nonlinear, referring to [11] [23] [26] the following linear format is used to describe the dynamics of vehicle node, whose nonlinearities and environmental disturbances are compensated for by a lower dynamical controller [8] :
where and are the state and control matrices respectively, denotes the sampling time, ( ) is the control input, ( ) = [ ( ) ( ) ( )] where ( ), ( ) and ( ) are the position, velocity and acceleration of node . Note that the studied platoon is heterogeneous, that is, ≠ ⋯ ≠ and ≠ ⋯ ≠ but each vehicle known its own parameters. According to the control strategy shown by Figure 2 and (1), the state predictor is designed to be
where ( ) is the predicted state. Note that being different from followers controlled by the designed state-feedback controller, leader receives the command from others, such as driver or traffic management system whose dynamical characteristics are unknown.
Topology of Information Flow
To generate a unified description of varieties of topologies, the graph theory is used to model as a directed graph = ( , ), where = {1, … , } denotes the set of nodes and ⊆ × indicates the set of edges [23] . The adjacency matrix = [ ] ∈ ℝ × indicates the connections among followers:
where { , } ∈ means there exists a directional edge from node to , that is, vehicle can receive information from and there is no self-loop, that is, = 0. Base on , the Laplacian matrix = [ ] ∈ ℝ × associated with is
The connectivity between leader and followers is described by the pinning matrix = diag{ , , … , } , where = 1 if node receives information from leader, otherwise = 0 . Combined the above definitions, the topological matrix for information flow is = + . Note that to keep the formation each follower has a direct or indirect connection with leader, which makes all eigenvalues of be greater than zero [26] .
Closed-Loop Dynamical Function of Platoon
Considering the control objective, that is, all followers track leader with predefined constant space, the following state feedback control logic with the predicted state as feedback is used [23, 26, 31] :
where = [( − ) 0 0] and is the desired clearance between neighboring vehicles, ∈ ℝ is the distributed state feedback. Furthermore, the dynamical function of control error is obtained from (1):
where ( ) = ( ) − ( ) − is the tracking control error,
. The uncertain closed loop dynamics of platoon control system is formulated by substituting (2) and (5) to (6):
where
and are used to normalize the platoon heterogeneity to a uniform uncertain format as the following:
where denotes the normalized heterogeneity of platoon. Compared with the standard uncertain format used in robust control, (7) has the following differences: (a) An extra predicted tracking error ( ) is in the closed loop; (b) The dimension, structure and entity of all change with running because of the degradation of communication performance, cut in/off of adjacent vehicles and so forth. To overcome these problems, a topological decoupling strategy is proposed in section 4.
Synthesis of Robust Control System for Platooning
Before presenting the decoupling synthesis approach, the following lemma about matrix decomposition is introduced:
Lemma 1 [23] : Any matrix ∈ ℝ × has the following eigenvalue decomposition: (c) = − if = + is a complex and has a pair of conjugate eigenvectors;
is a -repeated eigenvalue and only has one pair of conjugate eigenvectors.
Topological Decoupling of Closed-Loop Platoon System
The fundamental of decoupling synthesis strategy is depicted in Figure 3 . According to Lemma 1, has the following eigenvalue decomposition:
where ∈ ℝ × is made up of the generalized eigenvectors of , = diag( , … , ) ∈ ℝ × and ( ) = . Substituting (10) to (7) and the decoupled format is obtained by linear transformation as shown in Figure 3 :
( ) = ( ). By this way, the coupling of is partly transferred into , whose uncertain degree is related to the design of robust controller directly. For an undirected graph, is symmetrical and ‖ ‖ = ‖ ‖ [11, 12] . Otherwise if is asymmetric, may be enlarged by the linear transformation, whose bound can be estimated by:
Such conversion can be reduced by optimizing with such method as singular value analysis. Base on (11), the original platoon system with higher dimension and uncertain interaction is considered as multiple independent subsystems with lower order:
where ( ), ( ) , ( ), ( ), ( ) are the corresponding parts in (11) . The following theorem establishes the performance relationship between the platoon system before and after decoupling, which is the basis to numerically solve the state feedback using the decoupled format.
Theorem 1: For the platoon described by (7) , if there exist positive constants , , , ∈ ℝ such that all decoupled subsystems in (13) 
then the original system has robust performance with the weighting matrix :
where = and = + .
Proof: From (11) and the second inequality in (14), we have
Substituting ‖ ‖ ≤ to (16) yields (17) , which is equivalent to (15) and the conclusion is proved.
Theorem 1 converts the performance requirements of platoon system into that of its decoupled format, whose dimension is much smaller and the unknown interactions can be evaluated by certain information, that is, eigenvalues and decomposition formats of .
Numerical Design of State Feedback Controller
The following theorem provides a numerical way to solve the required distributed state feedback using LMI, which ensures robust stability, tracking performance and disturbance attenuation ability.
Theorem 2: If there exist matrices = > 0 ∈ ℝ × , ∈ ℝ × and constants , , , > 0 ∈ ℝ, such that the following LMIs establish: * < 0,
then with the distributed state feedback = , the platoon is asymptotic stable and with the weighting matrix ϵℝ × , the disturbance ( ) is attenuated by
Proof: Left and right multiplying the left side of the first inequality in (18) with diag{ , , ⊗ , , , ⊗ } and substituting = to it, we get:
Applying the Schur Supplement Theorem on (20) yields [32] :
From (21), the following inequality establishes:
Therefore (13) is asymptotic stable according to the Lyapunov stability theory and the corresponding Lyapunov function is V ( ) = ( )( ⊗ ) ( ). And so the platoon system is also asymptotic stable because linear transformation will not change the stability of linear system. 
The first equation in (23) is re-written by substituting (13) to it:
Then we have ( ) < −ΔV ( ), that is,
The initial state is assumed to be zero and (0) = 0 and the following inequality is derived by summarizing all sampling time from = 0, ⋯ , together:
Since the platoon is asymptotic stable, lim → ( ) = 0 and substituting it to (26) yields
Similar to the analysis of (20)- (27) , the following inequality also establishes:
Equation (19) is obtained from Theorem 1 by combining (27) and (28) and Theorem 2 is proved.
Closed Loop Performance Analysis
Internal Stability
This section focuses on the analysis of delay on closed loop stability. To simplify the theoretical analysis, it is assumed that the time constant of vehicle drive dynamics is the same, that is, = , = 0,1, … , and there is no Jordan format in the eigenvalue decomposition of . Then the dynamics of vehicle node becomes [11, 23] : Note that there are two types of stability for platoon, that is, internal stability [17] and string stability [5] . The following analysis focuses on the influence of delay on internal stability of platoon controlled by the distributed state feedback which is pre-designed in section 4.2. The internal stability is defined as following.
Internal stability. A linear and time-invariant platoon is said to be asymptotic stable, if and only if all the eigenvalues of its discrete closed-loop system are located in the union disk of complex plane, that is, the magnitude of all eigenvalues is less than 1.
It is known from the previous studies that the internal stability criterion is not compact enough to get the parameter range directly, because Jury Criterion uses roots of equations [33] . The following Lemma gives a sufficient and necessary condition of internal stability, which is the basis to study the influence of delay and topology on platoon internal stability.
Lemma 2 [33] : Given a characteristic polynomial of third-order discrete system:
where , and are coefficients and the system is stable if and only if the following inequalities establish:
Similar to the analysis process of heterogeneous platoon, the characteristic polynomial of studied homogeneous platoon system in this section is obtained by combing (29) (34)
Numerical Analysis
In this section the influence of topology and delay on platoon internal stability is studied numerically based on the sufficient and necessary condition (34), from which the platoon internal stability can be measured by index From (34), it is known that the platoon is internal stable if and only if > 0. Then from Figure  4 (a) , it is found that with the increasing of both of delay and eigenvalue, the platoon tends to be instable. The former phenomenon is consistent with the common sense while the latter is different from the previous conclusions without considering delay in Reference [23] . The previous studies show that both of the stability region and scalability of platoon is limited by the minimum eigenvalue of . When considering the time delay, the internal stability is also affected by the maximum eigenvalue as shown in Figure 4 (b) and the allowable delay decreases with the increase of it. From the decoupled format of platoon in (13) , the topological eigenvalue equivalently acts on the open loop gain of control system. And from the stability theory of delay system, it is known that a higher gain is bad for the stability. According to our discovery and the communication delay is unavoidable in practical, the maximum topological eigenvalue also need to be considered when synthesizing a platoon control system.
Simulation and Discussion
To validate the effectiveness and further analysis of the proposed decoupling synthesis strategy, numerical simulations are conducted in this section. The simulated heterogeneous platoon includes 1 leader and 5 followers. During simulation, (0) = ⋯ = (0) = 5m/s , = 10m , = [ −5.75 −5.05 −1.03 ], ℎ = 0.1s except where noted, the platoon heterogeneity is reflected by pre-selected in [0.3s, 0.7s] randomly. A statistical model is used to describe the communication delay, which is a function of the distance two communicated nodes [26] . The acceleration and velocity profiles of leader are shown in Figure 5 , which are from the naturalistic driving data. 
Delay Bound under Different Topologies
Note that the condition in Theorem 1 is sufficient but not necessary, which implies that the designed controller still may be applicable even if LMIs in (18) are infeasible. And so in this section, we further study the actual maximum delay under different topologies. During this simulation, the maximum allowable delay is increased gradually and the maximum distance tracking error under different topologies is shown in Figure 6 . As shown in Figure 6 (a), the maximum distance tracking error, that is, the maximum one of all followers, monotonically increases with the delay. The maximum error of BD is smaller than 2m when the delay is smaller than 0.15 s. Then it increases slowly to 5 m with the delay increases to 0.3s, after which increases sharply and even collision occurs. The maximum distance errors of other topologies agree with the trend of BD. When designing the controller, the sample period is set to 0.1s, which is large enough compared with the end-to-end communication delay of IEEE 802.11p (about 0.01s) [30] . It is found from Figure 6 (a) that the control performance is still stable even the delay exceeds 0.1s. This shows that LMIs in (18) only are sufficient conditions and the solved controller still can control platoon acceptably even the system runs out of the designed constraints.
To show the influence of topology on distance tracking performance more clearly, the tracking error profile under the condition that the maximum delay is 0.1s is extracted shown in Figure 6 (b) . The maximum errors of BD, BDL, TPF, PF and PLF are 1.95 m, 0.6 m, 0.22 m, 0.22 m, 0.21 m respectively. And maximum eigenvalues of these normalized topologies are 1.9511, 1.6236, 1, 1, 1 accordingly. It agrees with the results of numerical analysis in section 5.2 that the performance is also affected by the maximum topological eigenvalue.
Comparison of Stability Performance
To show the necessity of considering information delay, a comparison simulation between the proposed method (denoted by method 1) and an existing one (denoted by method 2) without considering delay [11] is conducted in this section. During simulation, the topology is BD having the worst performance in section 6.1 and the maximum delay is set to 0.001s and 0.08s respectively. The former delay is negligible compared with the control period and the latter is a typical value of general V2V [30] . The compared simulation results are shown in Figure 7 . It can be found from Figure 7 (a) and (b) that the maximum distance errors of method 1 and 2 are 1.1 m and 2.5 m respectively, which both are less than the desired spacing and a stable dynamics of platoon is guaranteed when the delay is negligible. If the delay increases to 0.08s, the maximum error of method 1 is 2.2m the platoon runs stably, while the platoon controlled by method 2 becomes unstable as shown in Figure 7 (c) and (d) . Moreover, the compared control results of platoon interacted by the optimal one in section 6.1, that is, PF is shown in Figure 8 . The maximum delay is set to 0.1 s and method 1 achieves a much better one than BD while method 2 still cannot ensure the platoon stability. Note that the eigenvalue varies with platoon length for some topologies such as BD. Figure 9 shows this further results of the influence of platoon length on control performance with the maximum information delay 0.08s and BD topology. As shown in Figure 9 , the maximum error increases with the platoon length gradually when the vehicle number is smaller than about 140, after which the maximum error reaches about 9m and keeps almost unchanged. After the vehicle number reaches 248, the platoon become unstable. The reason is that both the minimum and maximum eigenvalues change with the dimension of BD, which affect the closed loop dynamics of platoon. 
Robustness Performance Analysis
The robust performance considering both delay and parametric uncertainty is studied by comparative simulations in this section to further validate the effectiveness of the proposed method. During the simulation, the platoon is interacted by BD, the platoon heterogeneity evaluated by (0 means a homogeneous platoon) and the maximum delay are increased gradually and the robust performance is measured by the maximum distance tracking error among all followers. The comparative results of robust performance are shown in Figure 10 , where and represent the maximum distance errors of method 1 and method 2 respectively. When there is no information delay, the allowable disturbances of method 1 and method 2 are 2.3 and 1.8 respectively, which implies that two methods have the similar robust performance and both can attenuate the platoon heterogeneity efficiently. Furthermore, the robust performances of platoon controlled by both two methods are deteriorated with the increase of information delay but the stability region of method 1 is much wider than that of method 2 (denoted by green line). Under the condition that the maximum delay reaches 0.08 s, the allowable disturbance of method 1 is 2.2 but that of method 2 is only 0.2. This shows that method 1 has much better robustness than method 2. 
Conclusion
This paper presents a state predictor based control strategy for heterogeneous vehicular platoon connected by non-ideal wireless communication. From the theoretical analysis and simulation results, we have the following conclusions:
1. Both information delay and topological uncertainty caused by non-ideal wireless communication are critical to the stability and tracking performances of platoon, which need to be dealt with when synthesizing a platoon control system; 2. When considering the information delay, besides the minimum topological eigenvalue the maximum one also affects the closed loop performance of platoon. And comparatively, the influence of minimum one can be ignored if only stability is taken into account. 3. The proposed state predictor based control strategy can compensate for the information delay and the numerical approach based on LMI can find the required state feedback controller ensuring robust performance of platoon.
